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The theory of the a.c. impedance or of the apparent dielectric constant of poor conductors has been revised,

taking also into account the diffusion of the charges inside the poor conductor.

The equation for the capacity

of the whole system is augmented by terms which contain the effective penetration depths of the field into the

conductor, which is closely connected to the Debye lengths.

Because of this length, the saturation capacity is

different for various excitations, whereas the usual theory gives the same saturation capacity for all excitations

if the frequencies are only low enough.

Further, it was shown that not only the free carriers contribute to the

penetration depth but also those trapped electrons and positive charges which establish the equilibrium between

conduction electrons and traps and positive charges during the period of the external field.
Mostly, even at very low excitation levels, there are enough

of such trap levels reduces the penetration depth.

Thus the existence

trapped electrons which are in equilibrium with the conduction electrons to make the penetration depth rather
small so that it does not influence the saturation capacity very much.

If a good conductor is placed in an alternating elec-
tric field, it behaves like a material with an infinite
dielectric constant, in which the polarization follows
the alternating field almost immediately. Poor con-
ductors behave quite differently under such conditions,
not only is their apparent dielectric constant
finite; but the polarization displays a phase dif-
ference with the external field, which may not be de-
termined by the conductivity of the sample alone.
These effects are due to the diffusion of free charges
and to the interaction of trapped and bound charges
with the conduction band. The diffusion -effects
can be essentially described by the Debye length.!

In this paper we will give an improved theory of
these effects. We shall especially consider mixed
systems consisting of poor conductors (or photocon-
ductors) and insulating materials, which enclose the
conductors, and we shall calculate the total impedance.
We shall correlate this with the free and quasi-bound
charges in the material. The impedance can be ob-
tained by applying the Maxwell-Wagner theory? or by
assuming that the systems consist of alternating con-
ductive and nonconductive layers.? Infirst approxima-
tion the conductive portions were considered as capaci-
tors with parallel resistors.

The measurement of such an impedance is often the
only way to get some information about the free and
trapped charges in the conductor. It is noteworthy
that such an approach has been rather successful in
giving at least qualitative results. Even for single
crystals, the method has been applied successfully
and allows the separation of surface and electrode
effects from the bulk characteristics.* In the case of
single crystals, the experiments have been done either
with the crystals in direct contact with the electrode
or with an insulating layer separating crystal and
electrode.

It is, however, obvious that this was only a first
approximation neglecting diffusion effects which are
most itportant in materials with small conductivity.

The theory presented here also holds when the ma-
terial has a rather low conductivity, since it takes into
account the diffusion of free charges and since it con-
siders that the density of free charges may be too low
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for screening the interior from the external field.
Then not only the free charges but also the evaporation
of charges from localized sites may bring about the
screening. For materials with resistivities of about 10"
ohm cm. and a mobility of 1 cm.?/v.-sec. these effects
may become rather small; for such poor conductors the
screening of the sample from the external field becomes
too small even when the evaporation of trapped charges
is considered because the time for such evaporation may
become unreasonably long.

The following simplified model will be treated. A
poor conductive crystal is in series with highly in-
sulating layers. Their thicknesses are d. and 4,
respectively, and their true dielectric constants, not
due to charges, are ¢, and ¢. Assuming first that the
crystal can be represented by a capacity C, per unit
area = ¢,/4md, and a parallel resistor corresponding to
a uniform conductivity o, in the interior of the crystal
and the insulator by a capacitor C; one obtains for the
measured series capacity Cw of the total system (for
derivation of these formulas see Kallman, ef af.?)
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where w is the angular frequency of the external field,
and the dissipation factor D of the system is
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o, = en.300u, 7. is the density of conduction electrons,
and u is the mobility. For large o, or small w, Cyp
approaches (; which is the saturation value of the
total capacity. D is small for small o, or large o,
goes through a maximum, and becomes small again
for large ¢, and small w.

These formulas fail for small &, and #, for the follow-
ing two reasons. The poor conductor is not completely
screened even for d.c. fields for small #,; rather, the
field penetrates into the conductor by a finite distance
Xe and the potential V, across the crystal is E.q
Xe, where E., the surface field strength in the
crystal, = (e/e)E; (E;is the field strength in the in-
sulator). A,z is closely connected with the Debye

D = (2)



Sept. 5, 1964

screening length. It is dependent on V., and on the
free and “mobile’”’ charges in the poor conductor.
One must discrimirate here between free charges,
which are those which are in the conduction and valence
bands, and *'mobile”’ charges, which are those in elec-
tron and hole traps; the latter may, Liowever, evapo-
rate into the conduction or valence band when the ex-
ternal field drives free charges toward the crystal
boundaries thus decreasing the densities of free charges
in the interior. Then some of the originally trapped
charges evaporate and are also swept toward the bound-
ary, where they are retrapped and contribute to the
screening of the interior from the external field. This
is, of course, only important when #, is so small that
n.d. is not sufficient to supply enough charges for
screening.

With an external potential V, one has: V, =

Ei(di +e\g). The condition necessary to obtain a
complete screening of the interior is
€Aegt
—= 1 3
4, « 3)

This means that A,z must be rather small when the
insulating layers are small. For V, < 2T /e

A = Ay = ekl
ef = A0 Sren

where 7 is the density of free and "'mobile”” charges in

the poor conductor, which follow the field during the

period of its application because of evaporation. A

calculation of g will be given later for all situations.
For ¢, of the order of 4

1.5 X 102
n‘/z

0~

~ 1.5 X 10-3forn = 101%/cm.3

In most cases the thicknesses of these insulating layers
are of the order 10~® cm. and smaller. Thus, to fulfill
(3), one must have » > 10" This is a rather high
density which would correspond to a resistivity of
~10% ohm cm. (mobility ~ 100) if » were the density of
free electrons. Only in rare cases do poor conductors
or photoconductors under usual illumination have
such high conductivities.

In order to determine the necessary supply of charges
from localized sites, we calculate first the charge o near
the surface, ¢ = engheq, which is necessary to screen
the interior of the crystal, taking into account the
external voltage

Voéi
300(d; + erg)dm

where V), is in volts and 7, is the density near the surface.
This gives as the condition necessary for screening
(n.d.) > (ndes); for a potential of 0.1 v. across 1073
cm. of insulator we obtain

(nede) > (Maheg) ~ 5 X 107 charges  (4b)

This means that an internal density of about 10/
cm.? carriers is necessary to supply complete screening
of a crystalof d, = 10~2cm. For small values of Vy/d;
this condition is satisfied for densities below that re-
quired by (3). For large voltages this may be dif-

o = e(neheg) = (4a)
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ferent since Ay decreases with increasing V., under
certain conditions even for the same #. Thus it may
happen that (3) is fulfilled but (4a) is not. This would
mean that the sweeping of charges to the surface
diminishes the density in the interior considerably.
This may be avoided by the evaporation of charges
from localized sites.

Now the condition which makes C;, = Cppq in an alter-
nating field of angular frequency w will be investigated.
This condition is

ene300u €
> 1; 5
€cw ene.300u (5)

is the relaxation time due to the conduction electrons,
and 7, their density.

This condition actually states that the charge ac-
cumulation at the surface is practically terminated in a
fraction of the period. In (5), n. is the density of free
(conduction) electrons. In (3) and (4), however, n need
not be the density of free electrons. It will be shown
that » can equal (n, + #.) under certain conditions (n, =
the density of trapped electrons). For afrequency of 103
c.p.s., n, > 10°/cm.? fulfills condition (5). With the
parameters used above (Vo = 0.1v.,d; = 1073 cm.) the
2 X 107 charges required at the surface would cause a
marked decrease of the density 10° in the interior since
such a density means only 107 electrons in the sample of
10~%-cm. thickness. This means that the conductivityis
also reduced. In such a case the crystal cannot be
screened completely in any period of time if there is
not a supply of free charges from other sources. For
instance, charges may be released from occupied traps
or from the valence band either by light or by thermal
action. In such a situation, however, the time to
complete screening is not given by e./en.300u but
rather by a time 7 which also depends on the rate of
supply of charges from other sources. From traps,
for instance, this rate would be #,d,Se™ 2/*7, where S
is a collision factor of the order of 10! to 10" sec. ~! and
E, is the trap level energy below the conduction band.
For light excitation this rate is ofd, where af is the
number of electrons produced per cm.? and sec.

In those cases where 7n.d, is not sufficient to supply
the screening, one has to replace the relaxation time of
the free charges by the supply time of bound charges.
Thus one has

()
—>1 (6)
TW
instead of (5).

Equation 1 will now be modified by taking care of
the finite penetration depth N.g. Therefore, d; +
ehest 1S substituted for d; and d, — Aeg for d. /47
(d. + exeg) is now the capacity when the crystal is
screened and e./4w(d, — Ae) is the capacity which
can be screened. Of course, the last expression only
holds when d. > A;z. We assume that only this
latter capacity is shunted by a resistor and replace the
shunting factor [1 + (v./€w)?] in (1) by the factor
[1 + (1/rw)?]introducing in this way the time necessary
for supply. This last assumption is, of course, only a
first approximation. Equation 7 is a better approxi-
mation than eq. 1 since it takes care of the diffusion
effects inside the conductor through A\ey. The latter
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is determined in the usual way from Poisson’s equation
and a Boltzmann equation for #.

d:V _ 4nC

s =) (s)

n is the density of all possible charge carriers, n~ =
n.~ + n,~, n,~ is the density of conduction electrons,
and #, that of trapped electrons. The positive
charges n™ = n,~ + n.~ when no field is applied. If
during the field application, equilibrium is established
between #,~ and n*, one has the relationship #, 7+ =
Ny+-Ny=e~B»/*T {or thermal excitation and under
light excitation n,“n* = al/8 = §, where 8 is the re-
combination factor between electrons and holes. N7,
Ny~ are the densities of states in the valence and con-
duction band

.’V(] e~ Eu/kT

N~ = —

Nt (9)

Mg

when n, << 7y, ngis the number of electron traps avail-
able and E, is their energy difference from the conduc-
tion band. Using

y = Ny—e B/ (10)

Poisson’s equation reads

d’y 47r€2<5 _ <1 n no>> eV
= - — N - s = -
du? &T \n. v)) Y T RT
(1)

Since nt = n,~ (1 + (ny/v)) one has in the interior
without an external field

5 1/ 1/a
Ne ™ jnt = T s n*int = 5<1 + ’CL’O> (12)

o 14
1+ -

If one applies a potential which is V(x) for each point
x of the crystal

hem = o exp <j‘_8V(x)> _ _—5—— 1,/2e+y
c - c int kT s

1+ 2

v

When the equilibrium between #, ~and #»* is maintained
while the field is varying with time, n+ = (8(1 + no/
»))'%e~* and similarly for n,= = (8/(1 + ne/v))' e ™2,
even when the n+ are not free. This means that the
localized charges also follow the field when equilibrium
between the free and localized charges is established
fast enough.

ey M1l
ae = Tane e
\ ‘/ ek ek T
T N Smer(ne + no) \/ Sre? <5 <1 " 1}_o>1”>
14

(13)
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Ao is the Debye length of the system. This is not
identical with Aes; only for y < 1 are both the same.
Ao then gives the penetration depth of the field as can
be easily seen when the exponentials are developed as
powers of y.

Equation 13 1is different from Debye’'s original
equation' only because it contains also the deusity of
bound charges. For the same §, this means for the
same number of charge pairs produced per second
either thermally or radiatively, Ao decreases con-
siderably when trapped electrons are present. This
is due to the assumption that the equilibriuin between
n.~ and »n,~ and also n* follows the variations of the
field. Therefore, with 5y = 10% trap levels available
at a depth of about 0.5 e.v., the traps determine the
penetration depth completely. At room temperature
one would have in such case n,~,/n, ~ 10° and thus
Ao is only one-tenth as large as without traps for a given
§. It may be noted that the dependence ou nq is of
the one-fourth power. The time constunt 7 tor the trap
following case = (1/S)e™%/#T ~ 1073 sec.

Now the cases where n,~ or n* do not follow the
variation of the field will be considered. This ueans
that they are independent of the applied potential
and are constant throughout the sample and », =
Mo Timeto/v OF T = m."inll 4+ (no/v)). Equatiou
13 then changes to 14 for the case that the traps
follow and the positive charges do not follow

AT
\/87r82 [5 <1 + n‘ﬂ
14

and for the case that the traps do not follow but the
positive charges do one has

dy 1

dx? B ()\0//)2

)\0” = "1‘;; (1:))

smer 14 e [a <1 + ”—‘—’)J
14

L+ 2
14

One sees that eq. 14 and 15 are different from eq. 13
and also give different results. Only for y < 1 are
the results for these three cases alinost the same.
But this is only so when at least one type of bound
charges follow.

Similar equations to those above are known in the
literature, however, without traps being present.
Equation 13 has been treated by MacDonald *

The essential point in our calculation is that the
existence of traps changes the lengths A¢ and also A.q
considerably. How X, depends on n and on I
depends very strongly upon the assuniptions made,
whether n; and/or »n~ follow the conduction electrons
because of the establishinent of the equilibrium during

(5 J. R. Macbonald, J. Chem. Phys., 29, 1346 {19583, 30, 806 /1959
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Fig. 1—Effective penetration depth vs. electron density for
various voltages. Traps and activators follow; infinite photo-
conductor.

the variation of the field or not. The integration of
eq. 13 to 15 yields the results presented in Fig. 1 to 4 for
various cases of finite and infinite crystal thicknesses.

The integration is performed for a given V,. Then
E,., the surface field strength in the crystal, is de-
termined, and from Egleg = V¢, Aeg is computed.®
The following points should be noted. Figures 1
and 2 give Ay for an infinite crystal and for the
case that #n, and »* follow. The equations fail of
course when A ~ d.. Further, it may be noted that
Ae 15 twice the A-value given in the curve of Fig. 1
and 2 since the displacement of charges is symme-
tric; on each side of the crystal one has the same
penetration depth. Figures 3 and 4 present the case
that only the trapped electrons follow and #+ do not
follow. In these figures for finite crystal thicknesses
Ae itself is plotted since the penetration depths are
different on both sides. The dotted line indicates
the result for an infinite crystal. In the case that =,
does not follow but n* follows, one finds similar results
as those of Fig. 3and 4.

Since \eg depends on V, one has to determine V,
for a given external voltage V, from the equation

Eidi + Eié)\eﬁ- = Vo
Since Eieheg = V,, one obtains

Aot Ve
— = 16

d; Vo — Vo (16)
Plotting curve 16 for A in Fig. 2 or 4 as functions of
V. will give the actual V, at the point where the two
Aeg curves intersect. For the case of following traps
and positive charges, As decreases with increasing
crystal voltage. For small Vjand V,

A _ Ve

d; Vo

and gives the actual V, directly. For larger V, the
ratio V./V, begins to decrease for a given charge
density since Ay decreases with increasing V..

For the nonfollowing case the situation is reversed:
Aegr increases with V. and the screening of the crystal
becomes smaller with increasing V,, V,/V, increases
and eventually no screening may be possible; but for

(6) For further details and for further references, see B. M. Jaffe, Ph.D.
Thesis, New York University (unpublished), 1962.
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Fig. 2.—Effective penetration depth vs. crystal voltage for two
values of electron density. Traps and activators follow; infinite
photoconductor.

small Vo and thus for small enough V., the screening
is the same in the following and nonfollowing case,
but with different Mg for the nonfollowing case the
penetration depth becomes large on one side of the crys-
tal, because no charge is supplied at this side of the
crystal to screen it from the external field. Thus Aeg
becomes larger with increasing external voltage,

When, however, neither the trapped electrons
nor the positive charges follow, \.g/2 becomes much

larger and equals
Vs
kT <1 + ’3]>
14

47e28'/t

for small V, with the factor (1 + (n¢/v))'”* in the
numerator and not in the denominator, and is still
larger for larger y.

The reason for this is that only the relatively small
number of electrons in the conductivity band are
available for screening. It may be emphasized again
that the following of the positive charges does not mean
that they are actually free and have a finite mobility.
They follow and contribute to the screening because
of their equilibrium with the conduction electrons.

These considerations show that trapping has a very
remarkable influence on the screening thickness of
such conductors. Summarizing, one has the following
screening lengths for the various cases for y < 1.

A YA
) e ke
(a 2 8w/

No trapping, positive charges follow, A,z decreases
with V,; if they do not follow, 8 has to be replaced by
4 and Az increases with V.

(b) Neft

1/g
kT <1 + ’i°>
v

2 4me2s'/

Trapping, no following of traps and positive charges;
Aegr increases with V.

Aeﬁ EckT

R e e
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Fig. 3.—Effective penetration depth vs. electron density at
various voltages. Traps follow, activators do not follow; finite
photoconductor.

Trapping, #,~ and #* both follow, when A.g decreases
with V., only traps or positive charges follow, 8 has
to be replaced by 4 for ny/v 3> 1; Aeg increases with
V(].

Let us now discuss eq. 1 and 7. For large n,~ there
is no difference between (1) and (7) since A.g is very
small and approaches atomic dimensions. In Fig.
2 the curve for Aeg would lie very low and thus according
to (16), V. is small even for large V. For an E; of
106 v./em., Vo would still be only 10-? v. Thus for
good conductors diffusion effects play no role. For
small #n,~ + n.~ (1) and (7) differ appreciably. Ac-
cording to (1), Cw always approaches (; no matter
how small the #.~ and thus § may be, if only w is made
small enough. It always approaches the same satura-
tion value for small w. According to (7) this is not so.
There Cunqay decreases with decreasing & because Aeg
limits Cy, ¢at independent of how small w is made. This
follows from (13) and its integrated curves. Satura-
tion is obtained eventually for (rw) >> 1, but Cpgat 1S

Cm,sat = e1/47"(di + eAeff)

where the penetration depth is given by {n.~ + #7)
in the interior, when no field is applied. If & is de-
termined by external radiation, one would expect that
Crest decreases with decreasing radiation intensities,
when (n.~ + n,7) only decreases enough.

Such experiments have been carried out with ZnCdS
phosphors in powdered and single crystal forms for
various light excitation intensities (I). Variation
of I over four to five orders of magnitude gives almost
the same value of Cp gt in many cases. This shows
that in these instances enough low-lying trap levels
and positive charges play an important role in the
screening of these materials, since the conductivity
electrons alone would not give a sufficiently small
penetration depth. One knows from luminescent
measurements that in these substances many more
trapped electrons than conduction electrons are present
and that the positive charges have a very small mobility.
Thus if not enough trapped electrons and positive
charges would follow a decrease of Cp ¢ would be ob-
served with increasing 1%, This occurs only in rare
cases. In a paper by Mark and Kallmann® an in-
dication of changes in Cuyeay has been reported. There
are other consequences which can be drawn from these
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Fig. 4.—Effective penetration depth vs. voltage for five values
of electron density. Traps follow, activators do not follow;
finite photoconductor.

calculations. This will be done at another place
where the measurements will be discussed in detail.

We want now to discuss the meaning of the time
7 introduced in (6). For high conductivity, when #,
is not reduced appreciably by the field, the relaxation
time is determined by 7 = &,/ (en, X 300u) which gives
the time necessary to bring the charges to the surface.
In the case that electrons are delivered from traps,
one has the following equation for 7

~ Voei
o Se BT éﬁ)}oﬁ‘lwdi = Nghette
N €
7 e B v

Thus the time determining the rise of C\, corresponding
to various w is a measure not only for the conductivity
but also for the number of trapped electrons released
into the conductivity band during the sweeping of the
field. One can also say that #, is decreased by the
sweeping of the field and its actual density is deter-
mined by the supply from traps or the valence band.
Equation 17 assumes that the transit time for bringing
an electron from the interior of the sample to the
surface is smaller than the r in (17). These transit
times are indeed rather small even for small field
strengths. For a field strength of 1 v./em., u = 200,
and d, = 10~%cm., the transit time would be of the order
of 15 X 10~% sec. Relaxation times for conductivity
of this magnitude occur only when the samples are highly
excited and 7, is already large enough to provide fer a
small Agg.

The supply of electrons from the valence band may
be another time determining factor. The number of
charges produced per cm.? per sec. by thermal action
or radiation is 8n.2(1 + (ne/v)) or al, respectively, and
these expressions have to be introduced in (17) instead

of neSe~E/kT
Bt <1 + @>
14

is actually the number of charges recombining per
second, but for the equilibrium they equal the number
of charges created. For n, ~ 10%/cm.?, the thermal
formation would supply 10! charges/sec./cm.® without
trapping and with trapping more, since 8 is of the
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order of 10~% This is enough charge for screening.
For light excitation 10® quanta absorbed in a thin
crystal would already supply enough charge for
screening within 1 sec. for a voltage of 1 v. across
the system. These figures indicdte that the creation
of charges from the valence band will follow the varia-
tion of field in many important cases; this means
that n* follows and it may be that the evaporation
of electrons from traps does not follow as readily.

Another consequence of this interpretation of the
relaxation time is the following: if several different
trap levels are present, they may provide for different
decay times because

—EJkT
’ﬂgse E./k

may be different for different levels. As a consequence
of this, the charge accumylation toward the surface
may not be supplied with one time constant but with
two or more. One described by o/¢ and one described
by (17) which may change with time and thus with
w because 7.Se ~ E/¥T may change. This means that
the dependence of Cn on w for a given excitation
[given 8(1 4 (mo/v))] may be different from that of
eq. 7 and may be broader than with a constant 7.
This was indeed observed? and was interpreted to
mean that different conductivities exist. Ina powdered
sample one could indeed assume that different grains
have different conductivities. Such a broadening of
the Cp, vs. w curve was, however, also observed in
single crystals where the assumption of different
conductivities does not seem to be very meaningful.

The present interpretation presents an explanation
for this broadening of the Cn—w curves; it may be due
to the varying evaporation of electrons from traps
which occurs also in single crystals, but one would
expect that this broadening decreases with voltage.

Summary

The theory of the a.c. impedance or of the apparent
dielectric constant of a system containing poor con-
ductors has been revised, taking also into account the
diffusion of the charges inside the poor conductor. The
equation for the capacity of the whole system is aug-
mented by terms which contain the effective penetra-
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tion depths of the field into the conductor, which are
closely connected to the Debye lengths. Because of
this length, the saturation capacity of the system may
be different for various excitation, whereas the usual
theory gave the same saturation capacity for all exci-
tations if the frequencies are only low enough. Fur-
ther, it was shown that not only the free carriers
contribute to the penetration depth but also trapped
electrons and positive charges when the equilibrium
between conduction electrons and traps and positive
charges is established during the period of the external
field. Thus the existence of such trap levels reduces
the penetration depth not because they are polarizable,
but because they evaporate into the conduction band
and thus contribute to the displacement of free elec-
trons. In many cases, even at low excitation levels,
there are enough trapped electrons which are in
equilibrium with the conduction electrons, to make
the penetration depth rather small so that it does not
influence the saturation capacity very much. With-
out traps, screening becomes smaller at conductivity
levels of 102 electrons/cm.?, and with a ratio of 104
for trapped to free electrons a decrease of screening
becomes noticeable only for 10® conduction electrons/
cm.?,

The behavior is different when trapped electrons or
positive charges do not establish equilibrium during
the period of the field. For small voltages, V, <
kT /e across, the crystal, the result is similar to
the case when equilibrium is established; for larger
V., however, the penetration depth increases so that
screening becomes much less effective. For the case
of equilibrium following the field, larger voltages,
however, decrease A.g.

This contribution of trapped electrons #ia the con-
duction band to the screening of the crystal influences
also the Cn—w curve, since ¢/ may no longer be the
time which determines the charge accumulation;
instead, the time necessary to establish the equilibrium
between trapped electrons and positive charges and
the conduction band becomes the important factor.
This results in a broadening of the Cy—w curves.
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